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Radiative heat transfer is important in high tempera-
ture devices such as combustion chambers and fur-

naces. Inverse radiation problems are concerned with
the determination of the radiative properties, such as
the scattering albedo, the phase function, or the optical
thickness, and the source pro®le of the medium [1±3].

One-dimensional radiative heat transfer has been
extensively reviewed in literature [4]. The temperature
pro®le in an absorbing, emitting, and isotropically

scattering medium has been identi®ed by inverse analy-
sis [5]. We will use the conjugate gradient method of
minimization [5] and the two-color method [6] to solve

an inverse radiation problem for estimating simul-
taneously the temperature pro®le and the scattering
albedo pro®le in an absorbing, emitting, and isotropi-

cally scattering medium.

1. Method for approach

We consider an absorbing, emitting, isotropically
scattering, gray plane±parallel medium of optical thick-

ness t0 � 1:0, and azimuthally symmetric radiation.
The bounding surfaces at t � 0, t � t0 are transparent
and there is no externally incident radiation. The

equation of radiative transfer has been treated in [5] as

m
@ I�t, m�
@t

� I�t, m� � S�t� � �o
2

�1
ÿ1

I
ÿ
t, m 0

�
dm 0,

0 < t < t0, ÿ 1 < m < 1,

�1�

S�t� � �1ÿ$� �n
2 �sT 4�t�

p
, �2�

with the boundary conditions

I�0, m� � 0, m > 0
I�t0, ÿ m� � 0, m > 0
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For the inverse problem, both the exit intensities,

YIm and ZIm, and the exit temperatures, YTm and
ZTm, at t � 0 and t � t0, are measured, respectively.
The temperature pro®le T�t�, or the source term S�t�,
and the single scattering albedo pro®le, $�t�, are to be
estimated. The direct problem is solved with the Dis-
crete Ordinate method [7].
It is noted that exit temperatures, Tm, are measured

through using the two-color method [6]. In this
method, Il1, m and Il2, m, two values of monochromatic
radiative intensities under two di�erent wavelengths, l1
and l2, are measured. Then, the temperatures along
the discrete directions can be calculated from the ratio
of Il1, m, and Il2, m, neglecting the di�erence between

the emissivities of the medium under the two wave-
lengths, as
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In order to obtain Tm, Il1, m and Il2, m can be calcu-
lated from Eq. (1) with two di�erent monochromatic
source terms listed as below

Sl1 �t� � �1ÿ o� C1lÿ51

p�eC2=l1T ÿ 1�
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The boundary conditions take the similar forms like

in Eq. (3).
The source term and scattering albedo are taken

polynomial in the optical variable t, respectively, i.e.
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The estimation of ~a� �a0, a1, . . ., aN1
�T and ~b� �b0,

b1, . . ., bN2
�T can lead to an estimation of T�t� from

Eq. (2).
For a given value of the scattering albedo �o�t�, the

source term can be solved by minimizing the following

objective function [5],
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where I�0, m; ~a� and I�t0, m; ~a� are estimated exit inten-
sities at t � 0 and t � t0, respectively, by using the

estimated ~a: Thus, the estimation of ~a is an optimiz-
ation problem in (N1 + 1)-dimensional space. The sol-
ving method adopted is the conjugate gradient method

of minimization [5] and will not be described here in
detail.
Here, ~b is estimated using the following objective

function
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In this function, YT�m� and ZT�m� are the measured
exit temperatures at t � 0 and t0, respectively.

T�0, m; ~b� and T�t0, m; ~b� are the estimated exit tem-
peratures at t � 0 and t0, respectively. Thus, the esti-
mation of ~b is also an optimization problem in (N2 +
1)-dimensional space. In the iterative procedure,
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is the sensitivity coe�cient vector. With a small
increase, Dbi, in bi, the following approximate equation
is used to determine rT
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The following stopping criterion is adopted as below
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where k (i.e., k � 1=3002� is used to balance the magni-

tude di�erence between J� ~a� and J� ~b�, and d� is a small
number and chosen according to measurement errors.
The iterative procedure for the estimation method

can be summarized as follows: Assume ~ak and ~b
k
are

known at the k th iteration.

1. Using ~b
k
, YIm and ZIm, estimate ~ak�1:

2. Knowing ~ak�1, YTm and ZTm, compute ~b
k�1
:

3. Terminate the process if the speci®ed stopping cri-
terion, Eq. (11), is satis®ed. Otherwise, return to

step 1.

Nomenclature

I radiation intensity
T temperature
S source term, Eq. (2)

t optical thickness
�o single scattering albedo
�n refractive index
�s Stefan±Boltzmann constant
m direction
m ordinate direction

l wavelength

J objective function
YI, ZI measured exit radiation intensity
YT, ZT measured temperature

rJ gradient of the objective function
rT sensitivity coe�cient vector for J� ~b� in Eq.

(8)

d� a small number
s standard deviation
z random variable
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2. Results and discussion

Some numerical results were presented in order to
examine the accuracy of the method for estimating the
spatial distribution of the unknown source term, S�t�,
or temperature, T�t�, and the unknown scattering
albedo, $�t�, from the data of the exit radiation inten-
sities and the temperatures. A polynomial of degree six

for the spatial distribution variation of S�t� and a
polynomial of degree four for the spatial distribution
variation of $�t� were considered, that is

S�t� � 1� 10tÿ 0:1t 2 � t3 � t4 ÿ 10t5 � 0:1t6 �12�

$�t� � 0:15� 0:38t� 0:30t 2 ÿ 1:00t3 � 0:45t4 �13�
The values of the optical thickness and the refractive

index of the medium are chosen to be 1.0 and 1.0, re-

spectively. For the solution of the direct problem, the
discrete ordinates method with S-6 ordinate set was
proved to be acceptable in precision [7]. The two wave-

lengths in the two-color method were chosen as 435.8
and 700 lm. In order to simulate the measured exit
intensities, YIm and ZIm, and the temperatures, YTm

and ZTm, containing measurement errors, random
errors of standard deviation s are added to the exact
data. Thus, we have

Dmeasured � Dexact � sz �14�
where the range of random variables z is chosen as
ÿ2:576 < z < 2:576, which represents the 99% con®-

dence bound for the measured data.
In the estimation of the source pro®le and the scat-

tering albedo, the initial values were chosen as ~a0 � ~0

and ~b
0 � 0:0~1: Three cases were examined in which

one did not have measurement errors (i.e., s � 0:0),
and the other two had measurement errors of s � 0:03
and s � 0:04, respectively. With no measurement
errors, no observable di�erences could be seen between
the estimated and the exact data of the source term

and the scattering albedo as in [5].
Fig. 1 shows the estimated S�t� by inverse analysis

with measurement errors of s � 0:03 and s � 0:04:
Fig. 2 shows the estimated o�t� by inverse analysis

with measurement errors of s � 0:03 and s � 0:04: It
can be seen that in both the cases, the agreements
between the exact and the estimated data are excellent.

So the simultaneous estimation of the pro®les of the
temperature and the scattering albedo is acceptable.
The results indicate that exit temperatures measured

with the two-color method contain more spectroscopic
information about the radiative transfer process inside
the gray medium. For non-gray media, this treatment

may also be useful after careful extensions.
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